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=rr. Wave equation for potentials

Vector and scalar potentials
uH (r)=VxA(r) 5 E(r)=—jod(r)-VV

Linked by Lorentz' gage (other gages are possible,
but this one is very convenient)
V-A(r)+ jousV =0

v(vA(r))
Joeu

Thus E(r)=—joA(r)+
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=rr.Wave equation for potentials
VxH=J+ jocE
VlexA =J+ josE

Y7
VxVxA=ul+ josuE

V(V~A)—V2A:,L1J+ja)gy[—ja)A+

VA+w’gud=—uJ
(V?+&)A=—pd

We obtain is a similar way

Antennas

V(V~A))

Joeu

(V2+k2)V=—

0

&
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=rr. Wave equation for potentials

Vector potential is linked to currents, scalar potential

Propagation velocity is given by
In free space:

And the wavelength is given by 1=

Antennas

10
c=—=—F=
k

c=c,=299800 km/s =~ 3-10° m/s
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=prL Solution for elementary sources

Antennas

Let us consider an elementary source (Hertzian dipole)
Aligned along the z axis

V4
The corresponding vector potential is
obtained solving

(V2 +k2)A=—,u5(r)2
Lue

We get A(r)=zﬁ - g
In the same way, we obtain for the scalar potential of
A charge located at the origin

1 e/*
arre

=prL Solutions for any sources

Antennas

Consider a volume v containing a
source distribution J(r) and a
charge distribution p(r). To
compute the potentials due to
these sources, we perform
integrate the solution for the
Hertzian dipole over the volume v
in spherical coordinates.




=prL Findings

Antennas

= The Solutions for the potentials are a superposition of spherical waves
= The wave number and wavelength are given by

27
k=w\eu ; 1=—
a k

= The results are valid for any distance r
= Le fields are obtained using

,uH(r):VxA(r) ; E(r)

=—jwA(r)-VV
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=prLSpecial case: antennas

Antennas

In the case of antenna radiation, we are interested in what
happens far from the antenna, in the so called far field
region. Thus, when r is much larger than the wavelength and
the dimensions of the antenna, we can replace |r-r'| by a

series expansion. For the amplitude
It 1s enough to consider
|r — r'| Rr
For the phase, we need
more precision:
|r—r'|zr—f-r'

=r—x'sinfcosp—y'sin@sinp—z'cos @




=prL Special case: antennas

We obtain finallly:
A(r) =i.|‘dv'.](r‘)ejk”' =L [ava(r) A 7(6.0)
47zv |r—r'|_47zv 7 _47r r @

£(6.0)= v (e’

Where fis called the vector integral, and plays an important
role in antenna theory.

Antennas
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=prL Radiated fields

Considering the phase and amplitude approximations for
|r-r'|, we get:

H=2% Ax}
7

E=jo| A-F(F-A)]
E=jorx(FxA)

Moreover, it can easily be shown that

Antennas
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=prL. Radiated fields

In spherical coordinated, this becomes
E,=-jowd, ; E,=—jwAd, ; E. =0

HH=ﬂ ; H(ozﬁ ; H =0
ZC ZC
Or in terms of the vector integral f
E,(r,0,p)= 123 . £(6,9)
£ (r0.0) =2 - 1(0.0)
24 r

The Poynting vector is given by

S=1E><H*: !
2 2

Antennas
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=prL The radiated power density

From the purely radial Poynting vector, we obain the outward
oriented power density:

p(r,9,¢7)=S~er |E| (|E| ‘E ‘ )

Which can also be expressed in terms of the vector integral
p(r,0,0)= (Ifg \f\) (W /m?]

8/12
The radiation intensity, independent of 7 is given by
U(0,0)=r’p(r.0,p)= Z/{z(fgz ,/,2) [W / steradian]

This intensity corresponds to a power per solid angle

Antennas
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=pFrL Summary

In the far field, we have :

Z, e 4 Z, e
E,(r.0.0) =20 f(0.0) : E,(r.0.9) =~ 1 (0.0)

Hy=-E,/Zc ; H,=FEy/lZc ; E.=H =0

with

f(9,¢) = J-dv'.](rv)ejk;_,,

Antennas
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=pr. Example: The Hertzian dipole

The Hertzian dipole is a short
filament of current of length A/
Supporting a current /

I(t)= V21 cos(awr)
Limit: Al=dI

In practice, this means that Al is much shorter than
the wavelength and that I is invariant on the filament

Antennas
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=pr.  Example: The Hertzian dipole

In the case of a Hertzian dipole oriented along a random orientationi,

and placed at the origin, the current density is given by

g
As
And the elementary volume by dv'= Asdl’
Al
The vector integral is given by f(0.0)=1 ! di'l=1IAl
: IAl e .
And the vector potential by A(r)= %671
The electric and magnetic fields are given by
_ .]Zc eijkr o AT
;g E(r,@,(p)—glAl r rx(rxl)
5 j e s
< H(V, 0, ¢) = EIAI B (l X l") ©AK. Skiivervik 15

=pr. EXample: A Hertzain dipole oriented along the z axis

Antennas
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cPrL

Radiation pattem

Antennas

=prL Field pattem

Graphic representation of f, (E,and H ) and f (E , and H )

There is one pattern for the amplitude and one for the phase

Normalized representation of the amplitude

DEH (‘9:§9) = | EH(‘97¢7) |/| Ea(emaxrgomax) | = | f9(9;(0) |/| fy(gmaﬂ(”max) |

De, (0.0) =1 E(0.9) | /| EyfOnax Pmax) | =1 ,(0.0) | /1 £ Opass Prrae) |

IndB: Dg,, (dB) = 2010g10 |Dg,

Caution: 6,,,,, Pmax can be different for the 6 and ¢
components ! OAK Skivervk 18
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=prL Normalization choice

» Each component individually with respects to its own max.

* The two componts with respect to the maximum maximorum

maX(| EH |max’ |E¢J |max)

* The two compoonts with respect to the max. of the vector
amplitude

VE - E* . =max| |[E,E, *+EE,* |

Antennas

=prL Power pattem

Graphic represntation of p(r, 6,¢) or U(6,¢) =r’p

In the far field, this is a real scalar

Dp (dB) = 10 logy, | Dyl

Note : p is proportional to(|E|? + |E |?). Thus, if f,or f,, = 0

D,(dB) = D, (dB)

Antennas
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=prL Coordinate system
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=prL 3-D Polar (linear pattems)
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=prL 3-D Polar (pattemsindB
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=prL 3-D carthesian (in DB)

=prLHalf wave dipole : 3D polar patten

]
0
0.9
08 - 5
0.7 -10
06
-15
0.5
X (4 04 20
03 25
02
30
01
-35




=pr. Example : Isotropic antenna (does not exist, but is useful in theory)

%

<
° 2 o - = = = s N
2 & » v a2 B @
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=pr. Exemple : omnidirectional pattem: dipole
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=p=_ Example : directive antenna (hom antenna)

s

Antennas

0
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=pr. Example : directive antenna (hom antenna)
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=rrL Example : directive antenna (horn antenna)

0
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c
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Egn
=prL  Definitions
Oy, - Beamwidth
Oy ppy- Half Power Beam width
SLL =10 log [P,,,, (main lobe) / P, . (sidelobes)]

Antennas

Usually, P, . (main lobe)

Thus: SLL=-10log [P, (side lobes)]

max
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=prL Radiation pattem

Linear

Side lobes

Main lobe

e

Antennas
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=prL Radiation pattem
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=prL Radiated power and directivity

Radiated power: integral of p(r,0,¢) on a
spherical surface of radius r : ds = r? sin 0

8 P
g% <p> = Piso = n 2
5: 47[’/' © A.K. Skrivervil k 35
] | |}
=prL Directivity
2 2
D(é’,(p) _ p(r,H,(o) _ 4rr i(r,@,(o) —_ ”47zr p(r,@,go)
Piso rad [ dp[aorsinop(r.0.0)
0 0

D(0,¢))d3 =10log,, D(6,9)
D_, =max I:D(é?,go)] =D(6,0» P ) =1
D, . =10log, D, >0dB

1 2z g )
<D(0,¢))>:E!dgo_([dﬂsm@D(H,go):l

Antennas
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=prL Directivity (linear)
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=rrL Radiation resistance

For a transmitting antenna, we can define the

following equivalent circuit
I

<> Zin=Rrad-+jXant

Power delivered to the antenna:
2

I
P.=—Re|Z
S 2 [ m]

Thus R, =Re[Z,]=2P /I

ra

Antennas
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=rrL. Radiation resistance

* An antenna is a passive, linear and dissipating component
= ts impedance is given by Z;,

= The power delivered to the antenna is P, = I?/2 Re(Z,,).

" In the absence of losses, we have, P=P,

* The radiation resistance is defined as R,,; = Re(Z;,) = 2P,,
=X

ant

P

is much harder to get (linked to reactive energy, usually obtained numerically)

Antennas
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=prL. Example : Hertzian dipole

Reminder

j e—jkr Q
H (r,0,p)=—IAl siné
" ¢) 24 r
Z X

Antennas

=pr. Example : Hertzian dipole

Patterns independ of ¢
D,(0)=sin’@
D, (), =10log,,sin’ @ = 20log,, sin &

Gain_Tat[dB] z
0.0 Z
I-Z o
-4.0
-6.0
-8.0
I4nn
120

-14.0

-16.0
-18.0

-2000

Antennas
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=rrL. Example : Hertzian dipole

Elementary Dipole Radiation Pattern

w (O ) =90°
O Dp (emax ) ) 1
Broadside View End View

sin@=0 for 6=0,180°

9,, =180°

sin?@=0.5 for =45°, 135°
HHPBW =90°

Antennas
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=pr. Example : Hertzian dipole

P, =2x[d0rsin0p(r,0,p) = 27”2012 (AL/A)
0

ra

D(6,0p) =%sin2 0 D, .=15=1.76 dB

R, =2?”zc (A1/A) ~800(Al/2)'[Q]

For a given length, the radiation resistance is proportional
to the square of the frequency. For instance, a conductor
of one meter will have a radiation resistance of 0.0088 Q

at 1 MHz, 0.88 Q at 10 MHz, and 88 € at 100 MHz

Antennas
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=PrL

eeeeeeeeee

=prL  Classic reciprocity theorem applied to the antenna

case

Antennas

11 3513 e,y E3,13
/ /
A
/ / B
;N \ ;
/ \ A Hy \ / N
\
/ RN / M2
/ /

X:EAXHB—EBXHA V’X:JA’EB—JB'EA
Lds.(EAXHB'EB XHA) = JVdV (JA°EB—JB’EA)

Thanks to the divergence theorem!!

V. arbitrary volume, s: surface around V'

rivervi




=prL Particular case: v-> infinity

Antennas

[as(E,xH,~E,xH )=[dv(J, -E,~J,-E,)
J

|
=0

As we are 1n the far field and

H:foE
Z

E=ZFixH

JdV(JA'EB):IdV(JB'EA)

Va VB

©AK. Skrivervik 47

=pr Reciprocityin circuit terms

Antennas

Antenne #1

Vlcm % ) e

"A": #1 is the transmitter, connected to an ideal current source /,.

#2 is the receiver, open-circuited and having a voltage V,o7¢".

"B": #2 is the transmitter, connected to an ideal current source /,.

#1 is the receiver, open-circuited and having a voltage Vo7,

—e
Antenne #2 Ve SITUATION "A"
o
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=prL Reciprocityin circuit terms

—®
Antenne %2 b SITUATION "A"
——@

Vlc ' T

Sources are external to the antennas, thus

J.dv(JA

Va

dv=sdl, J,=l(l,/s) and J ,dv=I,dl

[dv(J,-Ey) _1jdl 'E,)

V4

Antennas

‘—‘r——’
7 (1,)

Thus

-EB)zjdv(JB 'E,)

Vp

Ly (12) =LV, (11)

©AK. Skrivervik 49

=pr Reciprocityin circuit terms

—@
Antenne #2 Vyopen
e

SITUATION "A"

Thus I, V"Pg”

=LV (1))

andy  perer (1, =14) =V (1, =14)

Antennas
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=prL Transmitting and receiving patterns

Sensing antenna

Sensing antrnna

The antenna pattern of the antenna in receiving mode is identical to the pattern in
transmitting mode. This is a direct consequence of

Ill/lopen (12) — IZI/Zopen (11 )

Antennas
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cpr Equivalentcircuit of a transceiving system

Measurement of the \ Measurement of the \

+ ..
transmitting pattern 1 receiving pattern 1
\.J.oov20pen )
L=1A -~ < )ﬁr\’ )4
M=zl + 2,1,
Vy =zl + 2,1,

open open
Z, —{V‘} _n and z, = 4
IZ 1= ]2 ]1

Reciprocity : z,=z,,

"Privileged directions are the same at transmission and reception”

Antennas
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=ps Equivalentcircuitof a transceiving system

1 Za za "

v 2 antennas v
1 and free 2
space A Zm v,

2y Zyp Zy=211—Zy
Zyy Zy Zy=Zyp—27
Zn =21y
Z,, =Z,,, as
é le 5 _ Vlﬂl"?" ZZI B E _ Vzapen
% ]2 1,=0 12 ]l = ]1
< ©AK. Skrivervik 53

=L Equivalent circuit of a transceiving system

Rg I4 —Za Zp— Iy
-4
Za =Z” Zm
v \i Z,=2,-2,
Iy -Ln*Zy
Zin1=Zn 'Zm+ZmTfZL

Antennas
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=L Equivalent circuit of a transceiving system

22— |,

Uy Zm u H ZL
| J—‘? [j v°

Consider that antenna #1 is transmitting, and is excited by a voltage generator U
Having an internal impedance Z,. Antenna #2 is the receiving antenna loaded by Z;

/

Zy,—-2Z +Z
Zinl:le_Zn1+Zm = m+ £
' Z,+Z,

Annoying: the second antenna has an influence on the first

Antennas
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=prL Unilateral hypothesis

We suppose that the receiving antenna has no influence on
the fields transmitted by antenna 1

Thus : The term Z,,1, is neglected
M=zl +2,1, Vi=z.1,

m
Vy =2y 0 + 21, becomes

Vy=zyl + 2,0, =Up + 2,1,
Where Us; is a dependent voltage generator

In this case, Z;, =7,

Antennas
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=prL Unilateral hypothesis

If the receiving antenna has no infleunce on
the transmitting antenna

£ £ L
4

N : .
1 &L15
Q9 -

() Behéma du systidme (k) Chreait &uivalent

Vi=z,1
Vy=zyl + 2,1, =U; + 2,1,

In this case, Z;, =7,

Antennas
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=rrL Power reciprocity, under the unilateral hypothesis

IR LT U
oL G o

{a) Schéma dun systéme (b)) Cirenit &uivalent

Power radiated by antenna 1:

__lof
" 4Re[Z,)]
Power available at the receiver of antenna 2:
— |Zm11 |2

"2 4Re[Z,]

In the case of the unilateral hypothesis, there 1s a clear difference
between transmission and reception OAK Skivenik 53
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=prL Power reciprocity, under the unilateral hypothesis

o

P =—"F— i
“ = 4Re[Z, ] Power radiated by antenna 1

2
P = 2.4 Power available at the charge of antenna 2
“7? 4Re[Z,]
[U]=2Re[z,]|7 | By definition, thus
Pav—rZ _ ‘Zm‘z
P, 4Re[z,]Re[z,] and Povrz _ Poyon
Prad—l Prad—Z

Antennas

=prL Antenna effective aperture

= (-

L
< >

When L>>>D, the spherical wave transmitted can be seen as a
plane wave at the receiving antenna. This wave has a power
density p

Antennas




=L Antenna effective aperture

The maximum available received power (P,, ) is the power supplied by the receiving antenna
when connected to a load impedance equal to the complex conjugate value of the antenna's
internal impedance (Z,,,4 = Z,,*, conjugate matching). The effective aperture (4,) of an
antenna at reception is then defined as the ratio between the maximum available reception
power and the incident power density.

4,(0,0)= Pa;—r (]

Antennas

©AK. Skrivervik 61

=L Antenna effective aperture

antenna having an effective aperture A

-
/
-

Matched load Plane wave of power ensity p

2
P.=p A= ?l 4 Maximal received power

C
P.(0,0)=4,(0,0)p Real received power
with

4,(6,9)< 4

Antennas
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=rrL. Example Hertzian dipole

E

i BN ey
Al | Zin
rUl_ 0 <> lU
Zin -
Power density We suppose
p:lEZl Re[Z,]=R . :Z{ZC(AI//I)Z
U :|E|Aljjr;9:\/zf_pAlsin9 We get
) o = 4Re[Z,] L _3sin’0
g 2 &
O s
=prL Link berween directivity and effective aperture

Antennas

Antenne B

P 1

:WdA (0A7¢A)AeB(033¢)B)

fourni | 4_,

P 1
: dB(HB’¢B)AeA(6A’¢A)

= 2
Sourni | g o 4 47[[’

Dg(6.9), Aeg(6,¢0)
dA(HA’(”A) _ dB(HB’(”B)
Ay (gAa(pA) Ay (QB7¢B)

d(0.0)=2Z 4 (0.9)

12 e DA(G,(p), AeA(e,(P)

Using the known values for the Hertzian dipole
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=prL Friis' formula for ideal systems

ﬂ, 2
sz—rA = R’adBdAdB (4_727’)

Antennas

Real antennas: what can
go wrong ?




=prL What are the difference between ideal antennas and reality ?

= Losses
= Impedance mismatch

= Polarization mismatch

Antennas
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=prL LosSes: conductive or dielctric losses in the matenrials

Antennas
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=prL Real antenna: the efficiency

Zin = Rloss + Rrad + annt

<> jXant

Radiated power Py=IR, .
rad
Available power P, =I'Re[Z,]= . R
12 (Rrad + Rlos.s' )
Antenna efficiency gt o R
Pavfe Rrad + Rloss

Antennas
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=prL The antenan gain

The gain is defined as

_4xU(0,9)
P

47U (0,9)
P

rad

G(6,9)

D(0,p)=

Antennas
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=rrL Typical antenna efficiencies

Antennas

= Around 100% for a horn, a wire antenna or a parabola

= 10-60% for a smartphone antenna

= around 1% for a radio antenna on a car

©AK. Skrivervik 71

=pr. Example: The Hertzian dipole

Antennas

Radiated power
P, =2x[dor’ sin0p(r,0,p) :%”ZCIZ(AIM)Z

Radiation resistance

R, = %”z (A17A) ~800(Al/2)'[Q]

Ohmic losses 1s a conductive wire of lenght Al
And radius a (skin effect)

Al muf
loss 27[61 o
. P Ru
—_rad ____ "rad <]
efficiency n= =

av—e rad loss

©A K. Skrivervik 72




=prL.  Example: The short dipole

Al=1m, 6= 5.7 107 (cuivre)

f Rrad [Q] RIOSS[Q] y)
1 MHz 0.0088 0.1 8 %
10 MHz 0.88 0.3 73 %
100 MHz 88. 1. 98.9 %
=prL Efficiency
|l e
0.8 :
z ol |/
é 0.4 :
= [
0.2 |
L

0 02 04 06 08 1 12
Circumference [wavelenght]

Antennas




=rrL Impedance mismatch

P

rad

=P, Without losses P, =np,, With losses

— Prad

rad 12
The power transfer to the antenna is maximum, and therefore the
radiated power 1s maximum when the antenna is matched to the
generator: zZ,=2,
In general, the impedance of the generator is real: R,
In this case, the max poawer is

Antennas
~
|
~
*
0q

av—e =
2 &8 4Rg ©AK. Skrivervik 75

=rr. Mismatch

antenne |

Onde rayonnée J_ g ?
a B —— Vg
—_—
émetteur - > Lr Rrag
—_—
- Rg
: |
Xg X
—F
r,.p,
The power delivered to the antenna is 7 7
in g

not always the available power P, . Pe=7 Z,

©A K. Skrivervik 76
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=prL Mismatch

Antennas

ANTENNE

| A ONDE RECUE

- zZ-Z
CHARGE -— P =
- Zl + Zin
-

| 5

we  The power delivered to the
load is not always the power
“ ] ™ available at the antenna

XA Prload: 77P
(_‘B r[:pl

T © A.K. Skrivervil

av-r

=rr. Mismatch

Antennas

If there is a mismatch between the antenna and the
generator or the load (reception), the power
supplied is given by

Pep (1) gl

Z,+Z,

And the power supplied by the antenna to load by

L (1 - plz) o= %

where p, 1s the reflection coefficient between the generator
and the antenna and p, the reflection coefficient between the
antenna and the load




=rrL FHiis's formula

2
Idealcase P =P DD, A
load 47Z'R

=)

With losses B, =P, ,D.D,n.n, (1 -p; )(1 P )(—RT
7T

4
ﬂ 2
-P_GG, (l—pf)(l—/?i)(M—R) e

Mismatched antennas: P, =P, DD, (1 —p? )(1 —p;
A

Antennas

=prL Real antennas

o, . 2
Transmitting B, =nP, =7, (1—‘ Pyl )PM

o . 2
Receiving B =np=n(1-lp.f ).




cPrL

Polarization

Antennas

=rrL Polarisation

direction of propagation

Linear _+Grcular + Elliptical
£
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=prL Polarisation

E__

k

For a monochromatic wave, we have:
E@) = «/i[ion cos(@t + ¢y )+ YE,, cos(a)t + (py)+

= 2E( cos(ot+ ¢.) |

=rrL Polarization

E(®) :ﬁ[ﬁEOx cos(wt+¢,)+YE,, cos(a)t+(py)+
2E,, cos(wi +@,)+]
E(1)=E(0)cos(wt)+E(T/4)sin(wr)
E(0)=+2 [iEOx cos(p, )+ VE,, cos(g, )+
ZE,. cos(gpz)}
E(T 14)=—2| RE,, sin(9,)+ JE,, sin(p, )+

;( 2E,_sin ((pz )}




=rrL Polarization

In terms of phasors:

E(0) =Re[E]

E(T / 4) = —Im[E]

E(=T/4)

E(t=0)

— 3 N P 4 5 Jjoz

Antennas

E(t)=E(0)cos(wt)+E(T /4)sin(wr)

rivervi

=prL Special cases

E(t=0)

E(t=T/4

(t=0)

E(=T/4)

Antennas

|

<

rivervi




=prL Special cases

right-hand circular
polarization

electric field

nnas

(]
httgs://www.electronicsforu.com/resources/learn-electronics/antenna-polarisation

=prL Special cases

Linear

polarization:

Circular

polarization:

Antennas

E(0)xE(T/4)=0

E(0)-E(T/4)=0
[E(0)|=|E(T/4)%0

E-E=0

rivervi




=prL Friis' formula

P 2
Tioad _ _ Ge Gr ( i j
P 4rr

av—e

Where e, (e,) is the polarization vector of the transmitting (receiving)
antenna. This vector is a unit vector that represents the polarization of
the wave emitted by this antenna.

%2
e, e,

Is the depolarization factor

Antennas

=prL [Frils'formula for a real transmission

%2
(]

e r

In free space P, =P, GG, (1-p})(1- pf)(ﬁjz
T

2

Depolarization factor X por =|€.%€,

o reflection coefficient at the receiving antenna
p,: reflextion coefficient at the transmitting antenna
e,: polarization vector of the receiving antenna

e.: polarization vector of the transmitting antenna

Antennas




=prL examples: linear polarization

Antennas
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=prL €Xxamples: circular polarization

180°
HYBRID

INPUT

http://www.gsl.netva3iul/

design by
SVIBSX
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